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The laminarflow of an incompressiblenewtonianfluid arounda circular cylinder
is well known anddescribedin literatureasKármánvortex street. For its extensive
investigationsin the pastthis flow is frequentlyusedasa testcasefor numerical
simulation(CFD). In spiteof that,directcomparisonsof thetime dependentdevel-
opmentof thevelocitycomponentsbetweenexperimentandsimulationstill seemto
bemissing.Until now to our knowledgejust comparisonsfor themeanvalueshave
beenreported.In this work resultsfor thetime dependentflow obtainedwith Laser
DopplerVelocimetry(LDV) andParticleImageVelocimetry(PIV) arereportedand
comparedto resultsof anumericalsimulation.Thequalitativeandquantitativecor-
respondencesanddifferencesarepresentedanddiscussed.� �
�������������������� �!��"�$#$�%�
Figure 1 shows the side view and the partial top view of the set-up. The dotted
areacomprisingthe cylinder andits wake—wherevortex sheddingis expected—
representstheregionof interestbothfor experimentandnumericalsimulation.De-
tails areshown in figure2 with & ξ ' ψ ( defininga dimensionlesscoordinatesystem
in which thecylinder diameteris usedasa referencelength.Theregion of interest
is 352mm in length,65) 6 mm in heightand328mm in depth. The cylinder has
a diameterof 16 mm andextentsover the whole channeldepthwith 328mm in
length. The measurementsareconductedat half channeldepthwherethe flow is
taken to be two-dimensional1. At the beginningof the channela honeycombflow
guideis installedin orderto reduceinflow effectsthatarecausedby the90* change
in directionof theflow from thereservoir to thechannel.

Thefluid (water)is pumpedinto thereservoir by a centrifugalpump. Theflow
rateis adjustedto its desiredvalueby anelectronicallycontrollablevalveandmea-
suredsimultaneously. Behind the valve the water is storedin an opentank from
which it is pumpedbackinto the reservoir. Sowe have a circularflow thatallows
usto seedthefluid only oncebeforethemeasurementsstart.At all timeswe pump
more water into the reservoir than is neededfor the desiredmaximumflow rate.
Theunusedwaterflowsbackinto thetankvia awasteway. Sothewaterlevel in the

1Thegeometricalratiosof this two-dimensionalproblemaretakenfrom [3].
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Fig. 1. Sketchof theset-up(sideview andpartialtopview)
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Fig. 2. Geometryof thechannelandlocationof themeasuringpoints

reservoir is keptconstant,thusensuringanalsoconstantpressuregradientalongthe
channel.

For theLDV measurementsatwo componentbackwardscatteringsystem(DAN-
TEC) with anArgon-Ion-Laseris used.Themeasuringvolume(0 + 2mm , 0 + 2mm ,
2 mm) is traversedwithin a planein the middle of the channelthat is orientated
normally to thecylinder axis. The locationof themeasuringpointscanbeseenin
figure2. Thetracersusedaretitanium-oxidparticleswith ameandiameterof 5 µm.

For the PIV measurementsa system(Optical Flow SystemsLtd.) is usedthat
mainly consistsof a doubleoscillatorNd:YAG laser(30 mJ per cavity), a cross-
correlationCCD-camerawith a1 K by 1 K sensoranda PCequippedwith 512MB
RAM in orderto recordsufficiently long time seriesof theflow. Thearearecorded
by the CCD-camerais describedby a squarewith its lower left cornerat - ξ .
2 + 1 / ψ . 0 + 10 andits upperright cornerat - ξ . 6 + 0 / ψ . 4 + 00 . For betterlight scat-
teringefficiency thetracersusedaresilver-coatedhollow glass-sphereswith amean
diameterof 10µm.

WedefineaReynoldsnumberthatcharacterizesthestationaryflow in themiddle
planeas

Re . umDρ
µ

(1)

with theaveragehorizontalvelocityum, thenewtoniandynamicviscosityµ, thefluid
densityρ andthecylinderdiameterD. Thevalueof um is determinedby integrating



the inflow velocity profile (ξ 132 2) (seefigure 3(a)) over the channelheightthus
giving a Reynoldsnumberof 100.

FurthertheStrouhalnumberSrandthedimensionlesstime t̃

Sr 1 D f
um

' t̃ 1 t µ
ρD2 (2)

with the separationfrequency f of the vorticesareused. Thusthe dimensionless
time is calculatedto t̃ 1 t 4 256s. All velocitiesaremadedimensionlesswith um.
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Fig. 3. Inflow velocityprofile at ξ 687 2

In thestationarycasetheinflow shouldideallybefully developed,timeindepen-
dentandof parabolicshapeacrossthechannelheight.As onecanseein figure3 the
inflow is notof parabolicshapeandshowsasmallverticalcomponent( 9 2%of um).
Thereasonfor thenon-parabolicshapeobviously is thatthelengthof theinlet is too
shortto allow the flow to fully develop. The vertical componentthat resultsfrom
the90* changein directionof theflow from thereservoir to thechannelis limited
to anacceptablevalueby thealreadymentionedflow guideat thebeginningof the
inlet. Neverthelessthis inflow profile is usedfor the numericalsimulationso that
directcomparisonis possible.: ;<�������=�>���� @?A���B�C ��D���>�
�
The primary aim of the simulation is to computethe velocity in the mid-plane
areashown in figure 2, wherethe flow is assumedto be two-dimensional.Using
a primitive-variableformulationwith cartesianvelocity v & u ' v( andpressurep, the
simulationis basedontheequationof motionfor anincompressibleisothermalfluid

ρ & ∂v
∂t

E
L F v (�1G2 gradp

E
div T

E
f (3)



andthecontinuityequation
div v 1 0 ) (4)

Heret representsthetime, ρ thefluid density, L thevelocity gradient(L 1 gradv)
and f the body force per unit volume (which in this caseis set to zero). For a
newtonian fluid the extra-stresstensorT is connectedwith the strain rate tensor
D 1 1

2 & L E
LT ( by T 1 2µD, whereµ is thefluid viscosity.

The simulationusesa standardGalerkin finite elementmethodbasedon the
isoparametrictriangularTaylor-Hoodelementwith continuouspiecewisequadratic
shapefunctionsfor thevelocity andcontinuouspiecewiselinearonesfor thepres-
sure. The unstructuredmeshusedto discretizeboth the entranceand the mid-
planeareaof figure2 is shown in figure4. It describesthe area 2 2 H ξ H 22 and
0 H Ψ H 4 ) 1. A close-upof thecylindersectioncanbeseenin figure10.

Fig. 4. Finiteelementmeshwith ca.17000unknowns(u I vI p)

Theabove equationsaresupplementedwith initial andboundaryconditionsall
selectedin sucha way, that the resultingsimulationwill follow the experimental
set-upascloseaspossible.Thereforetheinitial conditionis afluid at restwith zero
velocitiesandzeropressuregradient.A no-slipboundaryconditionis usedfor all
walls. It is assumedthetime-varyinginlet velocitycanbeapproximatedby

vin & y' t (J1 vs & y( fp & t ( (5)

whereindex s refersto thestationaryvelocityof figure3 asmeasuredwith theLDV
equipment.Theprocessfunction fp & t ( describesthechangein inlet velocity from 0
to vs andis in thiscaseassumedto belinear. It thusroughlyapproximatesthequasi-
linearcurvein figure9 asseenwith LDV atξ 1K2 2 ' Ψ 1 2. Differentfunctionsfp & t (
will result in a differentfluid structureonly during the start-up,but not after the
vortex sheddinghasstartedandtheinlet velocity remainsunchanged.Theoutflow
conditionis somewhatmorecomplicatedsinceno velocitydatais availableandthe
flow itself is, dueto the vortex shedding,suspectedto be very complex. A useful
conditionis to enforceavanishingverticalvelocity in combinationwith avanishing
horizontaltensionvector, viz. v L n 1 0 andt F n 1 0 wheren is thesurfacenormal
vectorandt 1M2 p n

E
T F n thetensionvector. As shown in figure6 this condition

hasno visible influencein upstreamdirection.
The spatialdiscretizationleadsto a semi-discretecoupledsystemof nonlin-

eardifferentialordinaryequations.Applying an implicit time discretization(e.g.



Crank-Nicholson,secondorderin time) this resultsin analgebraicnonlinearindef-
inite system N

N & v ( C
CT 0 O N

v
p O 1 N

n
c O (6)

which thenhasto be solved at all timelevels. Formally solving the first equation
for v and insertingthe result in the secondequationgives two definitenonlinear
problems,

Sp 1 CT N P 1 C p 1 CTN P 1 n 2 c (7)

N v 1 n 2 C p ' (8)

with thematrix S howevergivenimplicitly only. Thesolutionalgorithmsolvesthe
first equationusinga variantof the well known Richardson-iteration,involving a
suitablepreconditionerfor S. After thesolutionfor p is known, thesecondequation
canbesolvedfor v. In practice,bothequationsaresolved in a successive manner
within theiterationprocess.A detaileddescriptionof thealgorithmis givenin [2].

The timestepsize ∆t is automaticallyselectedusing a local error estimation
basedon two similar integrationsof differenttimesteps(onestepwith ∆t, two steps
with ∆t 4 2) . At the begin a strongincreasein the timesteplength is seenin fig-
ure5. It is interestingto notethatlater, with thevortex streetfully developed,still a
periodicchangeof thensmallstepsis used.
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Fig. 5. Adaptive selectionof thesimulationtimestep

Theamountof computationaltime requiredfor 0 S t S 2 is ca.28 h on a Sun
Ultra 1 workstationusinga workspaceof ca.12 MB. As an examplefor the flow
computedby thesimulation,figure6 shows severalstreaklinesduringvortex shed-
ding. Thegreyscalesreferto differentpositionswheretracerparticlesof zeromass
have beenaddedinto theflow. Figure7 givesa closerview of thequasi-stationary
flow aroundthecylinder.

Besidesthecalculationof thevelocity andpressurefield, thesimulationis also
able to predict not easily measurabledata, like drag and lift forceson the (two-
dimensional)cylinder asa functionof time. Figure8 shows thecorrespondingdi-
mensionlesscoefficients,which aredefinedasusual,viz. CD T FD U�V ρ U 2u2

mD W .



Fig. 6. Streaklinesduringvortex shedding

(a) Streaklines (b) VelocityVectors

Fig. 7. Quasi-stationarystreaklinesandvelocity vectors

Usingsuchintegraldatatheprogramcodehadpreviouslybeenverifiedby com-
puting the so calledbenchmark-flow describedin [3] within the geometryof fig-
ure2. As shown in [2], a very goodagreementhasbeenfound. In fact,theinvesti-
gationdescribedherewasinspiredby thatproblem,sinceintegral dataalone,even
if sensitive like the lift coefficient, is not sufficient for a completevalidationof a
simulation. In view of this thereis a needfor time-varyingfield information(v ' p)
for otherthanpureacademicproblems.We hopethedatapresentedherewill help
to somewhatnarrow this gap.
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We start the flow by openingthe valve shown in figure 1. The meanvelocity of
the flow enteringthe investigationareaincreasesnearly linearly from zero to its
maximumvalueduringatimeintervall of ∆t̃ 1 0 ) 35. It is measuredat & ξ 1e2 2 ' ψ 1
2( with LDV (seefigure9, points: LDV-data,line: approximationfor simulation).
Afterwardsthemassflow is keptconstantandthenwe measuretheinflow velocity
profile at & ξ 1f2 2 'ψ ( with LDV (seefigure3). As describedpreviously, bothdata
setsareusedfor thesimulation.

In figure11 we show thevelocity at point 4 asmeasuredby LDV. Thevelocity
increasesduringstart-upandshowsoscillationsimmediateley afterthemassflow is
constant.Comparingthis curve to thecorrespondingsimulationdata,we find very
goodagreementfor both the amplitudeandthe frequency. The earlierstartof the
oscillationsin theexperimentmaybecausedby smalldisturbancesin theset-up.

Resultsof PIV-measurementsduringstart-upareshown in figure12. As exam-
plesfor instationaryandnon-periodicflow fieldsstreamlinesandvorticity (left) and
velocity vectors(right) areshown for two differentmomentswhenvortex shedding
hasnot yet started. Onecanobserve an increasingareaof slackwaterwherethe
velocitiesarecloseto zero. The vorticity intrudesinto the flow from the cylinder
and the channelwalls and increasesin magnitudeas it is indicatedby the darker
grayof thecontourplot.\@_ � gh�C��!i� !����D���>�
���"�jacb
 >�"d
Whenconstantmassflow is reached,we measurethe velocity with LDV at points
1–11andtake imagesfor PIV within therectangleshown in figure2. With LDV as
a point measurementtechniquewe arenot ableto capturethevelocitiesat different
pointsat thesameinstantasit canbedonewith thesimulationor with PIV. There-
fore we choosean arbitrarytime interval of ∆t̃ 1 0 ) 2 andcompareLDV andPIV
datato the simulationdata,keepingin mind that thephaseof the velocity oscilla-
tions will bedifferent. Furtheron, for LDV theshape(the temporalresolution)of



thecurvesstronglydependson thenumberof particlespassingthemeasuringvol-
ume,whereasfor PIV andthesimulationtheshapeof thecurvesstronglydepends
on the imagecapturingfreqency respectively thesimulationtimestep.In theseex-
perimentsPIV imagepairsaretakenwith a frequency of 1 ) 3 Hz, which is sufficient
to capturethemainflow structurescausedby thesheddingof thevortices(according
to theNYQUIST criterion).Thefrequency canbeincreasedupto 15Hz sothateven
fasteroscillationscanbeobservedwith PIV.

In thefollowing resultsof PIV, LDV andsimulationfor two measuringpoints(3
and4) arereviewed. In general,experimentsandnumericalsimulationagreewell
with respectto bothqualitative andquantitative behaviour. Theshapeof theoscil-
lationsaregivenlikewisewith all methods(seefigures13 – 18). Evenstriking fine
structuresof theverticalvelocityarefoundin bothexperimentsandsimulation(see
figures13(b),14(b)and15(b)). Themarksin thefiguresrepresentmeasuredparti-
cles(LDV), resultsof cross-correlatingsuccessive imagepairs(PIV) andtimesteps
(simulation).Thedifferentamplitudesof thehorizontalvelocity maybecausedby
an uncertaintywith which the actuallocationof the measuringpointscanbe ac-
cessedin theexperiment.TheStrouhalnumberderivedfrom themeasurementsis
between0.271(PIV) and0.281(LDV) andcomputedto be0.283in thesimulation.

Furtheron,PIV is usedto gainexperimentaldataof thetime dependentveloci-
tieswithin a planeorientatednormallyto thecylinder axis. It is not possibleto get
similar velocity mapsof flows like theinstationaryvortex streetwith LDV because
asa point measurementtechniqueLDV canonly be usedto recordvelocitiesat a
single point over time. Figures19 and20 show the contourplot of the absolute
velocity andstreamlinesof theflow. To reducetheamountof presenteddataonly
every secondPIV imagepair (∆t̃ 1 6 F 10P 3) and the correspondingresult of the
simulationareshown. The unusualmeansof streamlinesfor instationaryflows is
chosenin orderto visualizethepositionsof thevortices.The20 grayscalesfor the
dimensionlessabsolutevelocity representavalueof 0 with whiteandavalueof 2.0
with darkgray. Onecanfind verygoodagreementin thepositionof thevorticesand
theform of thestreamlines.

Figures21 and22 show a detailedview aroundmeasuringpoint 1 for thesame
pointsin time asin figures19 and20. Onecanobservea vortex coremoving from
the upperleft cornerdown to the lower right corner. Again very goodagreement
betweenexperimentandsimulationis shown.
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The PIV andLDV measurementsmake experimentalinformationon the time de-
pendentdevelopmentof the velocitiesin the Kármánvortex streetavailablefor a
whole cross-sectionandat discretepointsfor comparisonwith numericalsimula-
tions. In spiteof theactualthreedimensionalityandthewall influences2 excellent
agreementbetweenexperimentsandtwo dimensionalsimulationcanbefound.

Theresultsof thePIV measurementsprove that it is possibleto extendtheap-
plication of PIV away from statisticalevaluationof turbulentflows towardsto the
recordingof instationaryflows thatcannotbetriggeredto externalevents—likeit is
possiblein turbomachinery—andthereforecannotberecordedby LDV.] �"no���j���C�p�"!
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Fig. 11. Horizontalvelocity atpoint 4 duringstart-up
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Fig. 13. Resultsof LDV at point3
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Fig. 14. Resultsof PIV at point3
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Fig. 15. Resultsof simulationatpoint 3
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Fig. 16. Resultsof LDV at point4

1

1.2

1.4

1.6

1.8

2

0.0 0.1 0.2

u
/u

r m

dimensionless time

(a) Horizontalvelocity

-0.3

-0.2

-0.1

0

0.1

0.2

0.3

0.4

0.5

0.0 0.1 0.2

v/
ur m

dimensionless time

(b) Verticalvelocity

Fig. 17. Resultsof PIV at point4
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Fig. 19. Contourplot of absolutevelocityand
streamlines—PIV
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Fig. 20. Contourplot of absolutevelocityand
streamlines—simulation
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Fig. 21. Contourplot of absolutevelocityand
velocity vectors—PIV
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